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Abstract

Current research on machine learning and related algorithms is focused mainly on numeric paradigms. It is, however,
widely supposed that intelligent behavior strongly relies on ability to manipulate symbols. In this paper we present on-line
versions of self-organizing maps for symbol strings. The underlying key concepts are average and similarity, applied on
strings. These concepts are easily defined for numerical data and form building blocks for many learning, adaptation and
clustering algorithms. By defining them for symbol strings, we propose to apply current algorithms to symbolic data.
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I. INTRODUCTION

Whereas classical artificial intelligencal§ has put emphasis on manipulation of symbolic data,
research on neural networks and related learning algorithms has mainly been focused on processing
numeric data. Handling numeric data is inevitable in early steps of real world information processing,
since it is based on sensory data, which are numeric by definition (otherwise they would have to be
interpreted —i.e. processed in some way — to symbolize something). Nevertheless, on higher cognitive
levels, a kind of symbolic reasoning might be desirable.

In a recent paper, Kohonen and Somervuo [2] have shown how a neural model, the self-organizing
map SOM), can be applied to symbol strings. Like many other neural models and classification or
clustering algorithms, the SOMSs rely on concepts like distance, similarity and average. Kohonen and
Somervuo have used a batch averaging algorithm for strings and their SOM was an off-line one.

For autonomous, adaptive systems, on-line algorithms are preferred, since the adaptation process
itself is a continuous one. In this paper we present an on-line averaging algorithm for symbol strings
and show how it can be applied to get an on-line SOM for strings. Strings themselves can encode
anything, but in an adaptive system would most probably find application in encoding sequences of
objects or events.

“Ordinary”, numerical self-organizing maps are usually used for mapping complex, multidimen-
sional numerical data onto a geometrical structure of lower dimensionality, like a rectangular or
hexagonal two-dimensional lattice. The mappings are useful for visualization of data, since they
reflect the similarities and vector distribution of the data in the input space. Each node in the map
has a reference vector assigned to it. Its value is a weighted average of all the input vectors that are
similar either to it or to the reference vectors of the nodes from its topological neighborhood.

For numerical data, average and similarity are easily computed: for the average, one usually takes
the arithmetical mean, and the similarity between two vectors can be defined as their inverse distance,
which is most often the Euclidean one. However, for non-numerical data — like symbol strings —
both measures tend to be much more complicated to compute. Still, like their numerical counterparts,
they rely on a distance measure. For symbol strings one can utevkashtein distanaar feature
distance

Having chosen the distance measure, one can define the average of a set of strings as, simply
speaking, the string with the smallest distance from all strings in the set. The similarity can be again



defined as inverse or, even better, negative distance between the strings. With those two measures and
substituting reference vectors by reference strings, one can construct self-organizing maps of symbol
strings. Provided that the averaging algorithm works on-line, the self-organizing map for strings can
be implemented on-line, too.

I[l. AVERAGES OF SYMBOL STRINGS

An average can generally be defined for all types of data for which a distance function exists.
For real vectors, the preferred distance measure is Euclidean distance. It is, however, not applicable
for strings. A symbol string cannot be represented by a numerical vector. Although one can assign
a numerical value — aode— to a symbol, a coding in which numerical differences between the
codes reflect dissimilarities among corresponding symbols is hard to achieve. And even if one would
succeed in finding such a coding, or if one decides to neglect the similarities between single symbols,
a string of symbols cannot be acceptably represented by a vector of their corresponding numerical
codes. The problems arise when one tries to compare strings of different lengths, as well as when one
string is derived from another by insertion or deletion of symbols.

Fortunately, there are distance measures which work for symbol strings:

« Levenshtein distands the minimum number of elementary transformations — insertion, deletion
and substitution of a symbol — needed to transform one string into another [7]:

LD(sy, s2) = min (Nins + Naer + Nsubst) (1)

Closely related to it isveighted Levenshtein distan@&/LD) [4], also known asedit distancg13],

where different costs are assigned to each edit operation. Thesthitrdistancdas sometimes used

only for the special case, where insertion and deletion have unit cost, and substitution is considered
to be a deletion-insertion pair, having thus a cost ff2].

« Feature distanc¢b] is the number of features in which the two strings differ. For strifgsggrams
(substrings ofV consecutive symbols) are the usual choice for features. If one string is longer than
the other, the unmatched-grams are also counted as differences:

FD(s1,s9) = max(Ny, No) — m(sq, $2) (2)

whereN; and N, denote the number df-grams in strings; ands, andm(sy, s,) is the number of
matchingN-grams.

The Levenshtein distandeads in general to a slightly better classification accuracy thafettiere
distance but the latter has one big computational advantage when applied to self-organizing maps:
searching and comparing based on it can be performed much faster than wheheaewenghtein
distancg6], [2].

Based on the distance measure, one can define an average as generalized median (the item having
minimum sum of distances over the whole set) or generalized mean (the item having minimum sum
of squared distances over the whole set) [6]. For similarity, negative distance is a better choice than
the inverse, because it is defined even for items with zero distance. There are also other possibilities;
for the learning algorithm it is only important that greater distance implies lower similarity and vice
versa.

Both mean and median of a string set can be computationally intensive to find. The exhaustive
search through all possible strings generally takes prohibitively long time. Still, some kind of search
has to be performed in order to find the best choice. The algorithm by Kohonen starts by finding
the set averagéthe set element having the smallest sum of distances or sum of squared distances to
all other members of the set) as the initial guess for the average. This string is then systematically
modified by inserting, deleting and replacing symbols at all positions in it, and the modification is
accepted if it leads to a better average.

One notes that this is an off-line algorithm: the complete set has to be accessible in order to compute
the average. Consequently, all applications relying on it, like the string SOM, have to be defined as
off-line (batch) processes.



[[l. A FASTER APPROXIMATION OF THE STRING AVERAGE

For practical purposes, the algorithm for computing string averages, as explained in the previous
section, doesn’t guarantee finding the average. As long as one varies only one symbol at a time, it
can get stuck in a local optimum. To leave it (i.e. to further decrease the sum of distances or their
squares), one would have to change two or more symbols simultaneously. Increasing the number of
simultaneous variations in the algorithm would only slightly increase the likelihood of finding the
global optimum: if the algorithm performs simultaneous changes, it can still happen that1 are
needed to leave the local optimum. But, the computing time would increase exponentially.

We don’t know a method of finding the average of strings in polynomial time. But we have de-
veloped an algorithm that also finds good approximations of the average and that is faster than the
original one presented above, especially for long strings. It is based on the following consideration:

Let us define the average of a string set as the mer
dian over that set, with Levenshtein distance as dis- String set: {ABCD, BCDE, ABACDE }
. Initial average guess: ABCDAA

tance measure. Then we can interpret the average
as the string from which all strings in the set can be _ _

. . Step 1: Compare guess to set strings and find changes needed
produced with, on average, smallest number of edit to get each one from it
ppt_aratlons. Now let us take a random str!ng as an AEC T
initial guess for the average and compare it with all TAIB[CIOATAl [CIOTAIA
strings in the set. Each comparison produces a set - 111 1y a-[1] [[[EX
of edit operations (transformations) needed to ob-
tain that string from the presumed average and that [B[CD[E]
transformations can take place on different positions [A[BICIDIA[A]
in the “average”. For easier explanation, we shall,  2=XTTIEX
in addition to the three elementary transformations
(lnsert, delete and subs.tlt.u.te) introduce the “_do NOth-| g0 2: Find the most equent Stop 3: Apply changes.
ing” as the fourth possibility. Now we consider all change for each position.
the transformations (resulting from all comparisons) [(TTTXX [AIB[CID]ATA]
that refer to a same position in the “average”. On E::::E: LT IEX
that single position we have a number of insertions - Apply [ [AIBICIDIE]
(p_055|_bly of different symbol_s), replac:ements _(als”o wax=[ [T
with different symbols), deletions and “do nothing

operations. It is easy to see that the transformation _ _

that appears most often is the optimal one, at Iegé?st't An example for computing average of a string
locally. If we would apply it, we would get in the '

next round of comparisons “do nothing” as the most frequent transformation for that position; in
other words, the overall number of variations, excluding “do nothing”, would decrease at that posi-
tion, therefore decreasing the sum of distances. A simple example is shown in figure 1.

Since we perform the transformation of a symbol at each position independently of all other posi-
tions, there is no guarantee that applying all transformations leads directly into the global optimum.
Insertion or deletion of a symbol at a position can have side effects on other positions, so several
iterations may be needed. Also, the resulting average depends on the initial guess. Nevertheless,
taking the set median (the set member with smallest sum of distances from other strings) as initial
guess and taking the result of each iteration as the guess for the next one leads generally to a good
approximation of the average string after only few iterations.

More formally we can summarize the algorithm as follows:

1. Find the set median of the string set and use it as initial average guess.

2. Go through all strings in the set and find the transformations needed to get that string from the
average guess.

3. For each position in the average guess, find the most frequent transformation (counting “do noth-
ing” also as a transformation) and apply it to the average guess.
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4. Take the result as a new guess average and repeat from 2 until no further improvement takes place.
Transformations needed to get one string from another are computed using dynamic programming
[13]. For strings of approximately same length, the computing time increases quadratically with string
length [11], although under certain assumptions faster algorithms are known [8], [9], [1]. The time
needed to determine the best transformation for each position depends on the number of possible
transformations, which is itself limited by the alphabet size. Since this has to be done for the whole
set, this algorithm is approximately 6f(si? + sla) complexity,/, s anda being string length, set size
and alphabet size, respectively.

e Original method On the other hand, finding distances between two
| e Original with N-gram hashing strings is generally of quadratic complexity, too. In
4 Ouralgorithm the original algorithm, one has to compute them for
®7 every variation at every position in the string and
5] then compare the resulting string with all others

from the set. Consequently, the original algorithm
is generally ofO(asl?). Whenfeature distancés

. used, one can apply redundant hash addressing in
computing distances, thus reducing the complexity

Execution time (s)
w
1

—— to roughlyO(al® + alsl’), wherel’ denotes the av-
et ; - . erage number of uniqu&’-grams in strings. For
i short strings it can be approximated withsince

the probability that the sam€-gram appears more
than once in a string is negligible. But, for long
Fig. 4. E_xecutiontime fo_rcomputing string average asrings over short alphabets, it is better approxi-
function of alphabet size. Average string length = 12 N .
set size = 300. mated by:" . For such strings, one can even put all
unigueN-grams of the test string into hash, reduc-
ing complexity to approximatel) (al?l’ + alsl’). However, our experiments show that the constant
overhead introduced by this hashing tends to overweight its benefits if the strings are not very long.
Execution time measurements on artificially generated data sets are shown in figures 2 to 4.
The algorithm presented above is also an off-line one. But the basic idea from it will help us to

develop an on-line version.

Alphabet size (symbols)



IV. COMPUTING STRING AVERAGES ON THE FLY
For numerical data, the average can be computed on-line according to the following formula:

z(n+1) —z(n)

z(n+1)=1x(n)+ 1

(3)

wherez(n) andz(n + 1) denote the arithmetic mean in theth andn + 1-th iteration, respectively,
andz(n + 1) the input vector in the + 1-th iteration.

Discrete values, like symbols, cannot be incrementally changed by only a small portion of error.
However, one can accumulate errors and make a discrete change as soon as it reaches a certain level.
This fact, combined with the algorithm presented in the previous section, leads to the algorithm for
computing string averages on-line.

A. Simple on-line averages

As in the numeric version, the first input string is taken as the first approximation of the average.
Two counters are assigned to each symbol position in the average: one for number of comparisons
since the symbol was last changed, and one for number of comparisons which resulted in a request for
change. Then, as each new string appears on the input, the transformations needed to get it from the
average are computed. The counters are correspondingly updated: the comparison counter is uncon-
ditionally incremented and the request-for-change counter is incremented if a transformation at that
position is needed. If the request-for-change counter reaches a certain limit value, the transformation
is applied to that position and both counters are reset.

The limit value, which triggers a change at a certain position, depends on the number of com-
parisons up-to-date and is computed statistically. Ideally, we would like to apply the change that is
requested by most comparisons, as in the off-line version. Unfortunately, since the number of all
possible changes for each position can be large, that would impose a need for many counters in order
to keep track of their frequencies..

We shall use a simpler, although not quite correct variant of the decision procedure from the off-
line version: a change to the symbol at a certain position should be made if more than the half of all
strings differ at that position. Since the strings appear stochastically at the input, the statemrent “
than the half of all strings differ at a positiéican be made only with certain statistical significance.

The change is then applied to a symbol if the probability that the statement is not true is lower than
the significance level.

Let o denote our significance level, the number of comparisons at a string position andhe
number of requests for change for that position. We shall suppose that the probability that a compari-
son results in a request for change is constant. Theis,computed as the smallest integer for which

the following inequality is satisfied:
" /n\ [1\"
-] <

1=Tq

In practice,r, can be well implemented as a look-up table, thus speeding up the computation. So,
if a the request-for-change counter reachefor chosem and given value of comparison counter, a
change of the symbol at that position is made.

Up till now we haven't saidvhichchange to make at the position. As mentioned above, we don't
trace which request for change appeared most frequently. However, the request that appears most
frequently has the highest probability to be the one that caused the counter to reach the limit. So
the most simple method is to apply the current change to the symbol. If this decision proves wrong,
further comparisons will cause again requests for change. Often it takes only few iterations to reach
the stable state at a position.

Altogether, the algorithm consists of the following steps:



1. Take the first input string as the average guess and reset comparison and request-for-change coun-
ters.

2. Take the next symbol from the input and compute the transformations needed to obtain that string
from the average guess.

3. For each position in the average guess, increment comparison counter and, if the comparison re-
sulted in a transformation at that position, increase the request-for-change counter, too.

4. If the request-for-change counter has reached the limit vgluapply the transformation at that
position and reset both counters.

5. Repeat from 2 as long as there are strings at the input.

The algorithm presented is also an approximative one. Although it leads to slightly inferior results
compared to the off-line algorithms presented above, it is much faster, sometimes even several orders
of magnitude, and therefore still very attractive for practical use. However, for larger sets consisting
of strongly dissimilar strings, the algorithm can oscillate, never reaching the stable state. A simple
modification brings significant improvement.

B. On-line averages — more sophisticated

The changes that the above algorithm makes to symbols are not the optimal ones. To find the
optimal transformation, we shall, as in the off-line version, trace not rdychange is needed at a
position in string, but alsehichchanges are requested. When the most frequent request reaches the
limit value, the change is performed.

The values of the request-for-change counters are distributed multinomially. But, conditional dis-
tribution of a single counter is binomial. So, for the limit value, one can still use the simple binomial
formula (4). Putting: to be the sum of the two most frequent requests for changes, we test if the most
frequent request appears significantly more often than the next most frequent.

As already mentioned above, this algorithm needs many counters, one for each type of request
for change. This introduces also a certain computational overhead. Nevertheless, the benefits of this
improvement — more in result quality than in computation time — justify additional effort.

V. STRING SOMs

The self-organizing map of symbol stringstrfing SOMfor short) doesn’t differ much from or-
dinary “numerical” SOM. It is also a low dimensional lattice of neurons (usually two-dimensional
guadratic or hexagonal lattice, sometimes one- or three-dimensional), but instead of having a refer-
ence vector of input space dimensionality assigned to each node, reference strings are used. In the
ordinary SOM, the reference vectors approximate the average of similar input vectors and input vec-
tors similar to the reference vectors of the nodes from the topological neighborhood. In string SOM,
the reference strings approximate the averages of corresponding input strings.

A. The batch algorithm

The batch algorithm for computing the map [2] is roughly as follows: First, the map is initialized
using Sammon projection [10]. Then, for each node in the map, a set is formed of all input strings to
whom the reference string of the node is the nearest reference string. Finally, for each node the union
of the sets belonging to the node and its topological neighborhood is produced, the average over it is
computed and taken as the new value of the reference string of that node. The process repeats from
the second step until one obtains a stable map.

B. The basic on-line algorithm

Based on the on-line algorithm for computing averages of strings, we have developed the on-line
version of the self-organizing map of symbol strings. The adaptation algorithm for the string SOM
resembles the one for numerical map [3]:

1. Initialize the map with random strings from input and reset counters for reference strings
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2. Take the next symbol from the input and find the node in the map with the nearest (most similar)
reference string assigned to it
3. Compute the difference, i.e. the transformations needed to get the input string from the reference
string
4. For each position in the reference string, increment comparison counter and, if comparison resulted
in a transformation at that position, increase the request-for-change counter, too
5. If the request-for-change counter has reached the limit valuapply the transformation at that
position and reset both counters
6. apply steps 3, 4 and 5 to reference strings assigned to the topological neighborhood of the node
7. Repeat from 2 as long as there are strings at input or until a stable map is reached

The node with the nearest reference string can be found by searching for it through the whole map.
It is, however, much more efficient to ussdundant hash addressig]. This is not to be confused
with the use of hash in computing the average, as mentioned in section Il in finding only the nearest
string, one tries to avoid checking many strings, whereas in computing averages one is bound to check
the whole set.

The hash is based on feature distance, whereas
the algorithm for computing averages tends to min-
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on-line string SOMs is given in figures 5to 7. Whe- Alphabet size (symbols)

ree}s for the batch algorithm the number. of a‘daF—]i-g. 7. Execution time for computing string SOM as a
tation cycles was always 10, for the on-line algo- " fynction of alphabet size. Average string length = 12,
rithms it depended on set size. That reflects the fact set size = 300.

that in the batch version, the whole map is updated

in a single cycle, whereas the on-line algorithms update only a single node per cycle. For the set sizes
of 100, 300, 1000 and3000, the number of adaptation cycles was set@600, 30000, 100000 and



300000, respectively.

C. Scaled influence on the neighborhood

For all presented algorithms we implicitely assumed theble function for the neighborhood
kernel: a correction is made either in full amount or not at all, depending whether the string belongs to
the neighborhood or not. For numerical SOMs, a continuous function is often used as neighborhood
kernel, so the correction is scaled by a real number:

Wj(n +1) = Wj(n) + hen| X (n) — W;(n)] (5)

j denoting a node in the neighborhood of ned#/; its reference vectorX the input vector and,;
the neighborhood function for nodesindj, h.; € [0, 1] andh,. = 1.

The same principle can be applied to the string SOM, too. The idea is following: instead of making
discrete changes to the request-for-change counter, by incrementing it by one or leaving it unchanged,
one increments or decrements it by a real vaiue If the comparison resulted in a need for change
at a certain position, the corresponding counter is incremented, and decremented otherwise. The
comparison counter is still incremented by one. Consequently, a request-for-change counter having
large positive value means that the symbol at that position has to be changed, whereas a large negative
value means that it should be left as it is. The rationale is simple:

In analogy to the numerical version, we want comparisons to have less influence on changing a
symbolin the reference string assigned to nodes for whicts smaller. In other words, a comparison
at a node with smallef.; “weights less”, or is “less significant” than at nodes with larbgr

Let v,;(n) denote the request-for-change increment for symbol at pogitinmeference string,
in n-th iteration:

Toji(1) = Fhe; (6)

Since the input strings appear stochastically at the input, we can congjdey to be a random
variable. The value of the request-for-change counter is

Ry =Y (7)
=1

R,; is itself a random variable with, for largg approximatively normal distribution
N(0,0%) (8)

Knowing the shape of neighborhood function, we can easily compute the dispefsienno?,
whereo—3 denotes the dispersion of

The limit value for the request-for-change is then defined as the minimum wgJuer which
following holds:

oV 2T

]_ v 1rx2\2
/ez(o) dz < « 9)

For practical purposes, a look-up table is used.

VI. EXAMPLES OF THE STRINGSOM

For an example application of the string SOM, we generated a set of 500 strings by introducing
noise to 8 English words:always, certainly, deepest, excited, meaning, remains, safatiypuch
and initialized al0 x 10 quadratic map with the Sammon projection of a random sample from the set.



zcertainly regmanj certapinlj rertaicly eczten excifzd delhzsd neepeksat  snumais gstafetve
dlrtainfy  qoucuh safety safetz afetuy remizq remirr zafatv rpeainx oeteinly
exciutmehd excqitd safeuy xied pcied excited rmxns remhins dneebsm ftetadtlcj
exuitld tjwh exied xcimed touco emans remins cccited remaxns hexcitep
kfty uuch etailk ssfty afty emainm alapj eeepet fsocj Tepesw
rdemaina fouzh taaey vxcited aluas alays eepest exuhibd erainlvg exdcistd
remainit oulil toulh odch acxas alwaas always altays agways ccepeqt
meafaning certkinrx  deanig denaet alwayr ajlwxys alwayv eixciteo alwasmys cedtcitnlh
kertinuu isafetag Tmunig menibg meanig depgxt depeaft pdeeest ertaqinsly decejst
dsrjfemty cemrtainy meanitng mseanqgng criainldy meaniing meanigng deejest cemrainly  deepeseot
safety safety safety safety excited excited excited remains remains remains
safety safety safety safety excited excited excited remains remains remains
safety safety safety safety ecited excited remains remains remains remains
touch touch touch safey safey emains remains remains remains remains
touch touch touch touch alwas always always remays remains remains
touch touch touch touch alwas always always always always always
touch touch touch touch alwas always always always always always
touch touch touch touch meanns always always always always always
certaily certiny meanig meaning meaning meaning depest depest depest depest
certainly certainly meaning meaning meaning meaning deepest deepest deepest deepest

Fig. 8. Example of string SOM for a set of 500 strings. Above: initial map. Below: the map after 10 cycles of batch
training.

safety safety safety sawey always alwas eircited excited excited excited
safety safety safey sTwey always always excitts excited excited excited
safety safety seaey alway always always Tways emites excind excied

oufch otcwh kjey aays always riways remais remains remains remains
touh touch tquh mkaizh mlays memains remains remains remains remains
touch touch touch meanicg meaing memaing remains remains remains remains
tounch touch touch maneing meaning meaning mening eeepist eepest deeess

certainly certainly certainly ertanin meaning meaning meening eepest deepest deepest
certainly certainly certainly cetainly meaning meaning eeeng deepest deepest deepest
certainly certainly certainly ceainly meaning meaning meeneng depest depest deepest
certainly ceainly saafely safety eaited excited excited eemaind remains remains
certainly sainly safety safety safetd excitd excind remats remains remains
stfnly safety safety safed excied excited remtnd remains remains remains
toecy tety safeh safed saied emaes remins remains remains remains
touch touch touch ouch aiay elaiys alays remains remains remains
touch touch touch ouch aluas alays always always aeways remais

touch touch touch ouyh alwas always always always aeways depest

tninh tancg meanih mewing always always always dewayt deepest deeest

meaning meang meanig mening meanis deways depeayt deeest depest deeest

meaning meaning meaning meaning mening mepint depest deepest depest deepest

Fig. 9. String SOM trained with on-line algorithms. Above: using simple on-line average algorithm. Below: using
improved algorithm.



Figure 8 shows the initial map and the map after 10 cycles of training with our batch algorithm. We
used an initial neighborhood radiusob and a radius reduction factor ©. The complete training
process took abowh s on a Pentium Il 300 MHz machine.

In figure 9 we show maps of same data, trained by our on-line algorithms. The initial neighborhood
radius was set t®.5 and the radius reduction fact®99995. 10000 training cycles took aboutl and
13 seconds for the simple and the improved algorithm, respectively.

VII. CONCLUSION

Starting with an improved batch algorithm, we have developed two variants of an on-line algorithm
for computing averages of symbol strings. Together with the concept of similarity between strings,
those algorithms build the basic blocks for self-organizing maps of symbol strings.

However, the described concepts of average and similarity for symbol strings can be used in a
number of learning, clustering and adaptation algorithms Kikeeanslearning vector quantizatign
adaptive resonance theognd many more, giving a new dimension to them. All these, currently
numeric algorithms, can be modified to work on symbol strings, thus making them applicable to
problems on higher cognitive levels. This would not render their numeric counterparts obsolete.
Instead, we expect numeric data processing to serve as the first stage in future intelligent systems,
analyzing the raw data from the environment and producing symbol-coded results. These can be
further fed into higher processing stages, which would then work completely on a symbolic level.
Given these considerations, we anticipate further developments in this area.
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