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Abstract
The problem of feature selection is a difficult combinatorial task in Machine Learning and of high practical relevance, e.g. in bioinformatics. Genetic Algorithms (GAs) offer a natural way to solve this problem. In this paper we
present a special Genetic Algorithm, which especially takes
into account the existing bounds on the generalization error
for Support Vector Machines (SVMs). This new approach
is compared to the traditional method of performing crossvalidation and to other existing algorithms for feature selection.

1. Introduction
In many practical pattern classification tasks we are confronted with the problem, that we have a very high dimensional input space and we want to find out the combination
of the original input features which contribute most to the
classification. Supposed we want to classify cells into cancer or not based upon their gene expressions. Surely on one
hand we want to have a combination of genes as small as
possible. On the other hand we want to get the best possible performance of the learning machine.
Assumed we have training data
(drawn i.i.d. from some unknown
) where is a vector space
probability distribution
of dimension and is a finite set of labels. Then the problem of feature selection can be formally addressed in the
following two ways [19]:
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1. Given
, find out the
features that give the
smallest expected generalization error; or
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2. Given a maximum allowable generalization error ,
find the smallest number of features.

Unlike e.g. Gaussian Processes in regression, Support
Vector Machines (SVMs) do not offer the opportunity of
an automated internal relevance detection and hence algorithms for feature selection play an important role. In the literature there are known two general approaches to solve the
feature selection problem: The filter approach and the wrapper approach [10]: In a filter method feature selection is performed as a preprocessing step to the actual learning algorithm, i.e. before applying the classifier to the selected feature subset. Features are selected with regard to some predefined relevance measure which is independent of the actual
generalization performance of the learning algorithm. This
can mislead the feature selection algorithm [10]. Wrapper
methods, on the other hand, train the classifier system with
a given feature subset as an input and return the estimated
generalization performance of the learning machine as an
evaluation of the feature subset. This step is repeated for
each feature subset taken into consideration. Depending on
the bias and variance of the used estimator this method induces some overfitting of the wrapper algorithm. Traditionally -fold cross-validation is used as an estimator of the
generalization error.
In this paper we are taking existing theoretical bounds
on the generalization error for SVMs instead of performing cross-validation. This is computationally much faster
than -fold cross-validation, since we do not have to retrain times on each feature subset but just once. Additionally we will see that although in general the error bounds
have a higher bias than cross-validation in practical situations they often have a lower variance and can thus reduce
the overfitting of the wrapper algorithm. The feature selection process is done in an evolutionary way. The genetic encoding also allows us to optimize different parameters of the
SVM, like the regularization parameter in parallel. As far
as we know, this is completely new approach, since previous work (e.g. [14]) on feature selection by means of Genetic Algorithms (GAs) neither took advantage of the generalization error bounds nor on the possibility of an inter-
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nal kernel parameter optimization. This paper is organized
as follows: In the next section we will first review different possibilities of estimating the generalization error of a
SVM. Afterwards several settings of GAs for feature selection will be presented. Our new approaches will be compared to each other as well as to the traditional approach by
performing cross-validation and to three popular existing algorithms for feature selection on two artificial and two real
life data sets in section 4. Section 5 is a critical discussion,
and section 6 draws a general conclusion.

2. Estimating the Generalization Performance of a SVM
As well known, SVM training [4, 15] is done by performing the following optimization procedure:



subject to
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where is the kernel function. One can deal with the nonseparable case by e.g. mapping
with
being a regularization parameter and the
Kronecker symbol (c.f.[3]). This is commonly referred to
as 2-norm C-SVM.
A goal of every classifier
is to mimimize the expected generalization error (or risk) over all possible patterns drawn from the unknown distribution
(see e.g.
[16])
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with being some loss-function. However, since (2) is not
computable (as we don’t know ), we are forced to estimate
the generalization performance. Besides statistical general
methods, like cross-validaton, for SVM there exist theoretical bounds on the leave-one-out error ([16, 17, 2]). Three of
them are cited here:
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Theorem 1. (Vapnik [16]) Let be the size of the maximal
margin and
, ...,
the images of the training patterns in feature space which are lying within a sphere of radius . Let
be the tuple of Langragian multipliers which
are obtained by maximizing functional (1). If the images of
the training data of size belonging to a sphere of radius
are separable with the corresponding margin , then the expectation of the test error probability
has the bound
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where expectation is taken over samples of size
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Following [15] one can calculate
subject to

"

(3)
.

by maximizing:
(4)
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Theorem 2. (Vapnik, Chapelle [17, 2]) Let
be the tuple of Langragian multipliers which are obtained by maximizing functional (1). Supposed we have a SVM without
threshold. Under the assumption that the set of support vectors does not change when removing example we have
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a

is the step function
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p  

is the matrix of dot products

(( !

between support vectors in feature space,
is the probability of test error for the machine trained on a sample of
and the expectations are taken over the random
size
choice of the sample.

, r')

Note that this theorem assumes a SVM without threshold. Thus in general one has to transform the data in feature
space beforehand to ensure this condition, e.g. by
.
As the computation of the inverse of the matrix
is rather expensive, one can upper bound
by
[3]. Thus one recovers the Jaakkola-Haussler
bound [9]:
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Other bounds also exist, but they will not taken into consideration here. For the computation of all these bounds the
SVM has to trained just once rather than times when performing -fold cross-validation.
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3. Genetic Algorithms for Feature Selection
using SVMs
3.1. Encodings and Fitness Functions
Let us first put our focus on the case where the number
of features to be selected is not known beforehand (problem 2 on the preceding page). In this case we have a search
space of size . We can represent this search space by a
standard binary encoding where a “1” indicates the selection of the feature at the corresponding position. The fitness of each feature subset is evaluated by either bound (3)
or by bound (6) or, in the traditional way, by performing
cross-validation. We will call the corresponding algorithms
GAR2W2, GAJH respectively GAAcc. To break a tie for
smaller feature subsets the generalization error estimate is
features selected
mulitplied by the term
,
where the constant 0.001 aims to be lower than the standard deviation of the estimate of the generalization performance for a given feature subset.
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in bound (3) is estimated by the expression
, which means that

in (4). In the multiclass case one can compute
one of the bounds pair wise for classes  and  and sum it
up.
The GA used here is the CHC algorithm by Eshelman
[5], which was reported to perform a more aggressive and
faster search strategy than the traditional Simple GA [7].
One of the main ideas of CHC is the so called population
elitist strategy: The best individuals of the child-generation
replace the worst individuals of the parent-generetation. Individuals are selected randomly for recombination, but they
are only allowed to mate, if their genomes are not too close
(with regard to some metric). Then half of the differing
genes between parents are exchanged to produce children.
If no recombination is possible any more, because the individuals are too similiar, the algorithm is restarted. The best
individual is left untouched and the others are created by
heavy mutation of the best individual.
In the case where the number of features to be selected
is known beforehand (problem 1 on page 1) a binary encoding in the
 prior way due to the much smaller search space
of size
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would be inefficient. Therefore in this case

 
it is reasonable to switch to a decimal encoding 

where
indicates the number
of the feature which is selected. Of course one has to make
sure that each  is unique in the code. Because the genomes
are much shorter with decimal index encoding than with binary encoding, the probability to mutate was set from 35%
in the standard CHC to 50% for each gene. In analogy to
the binary case we will call the GAs in dependence of their
used fitness function -GAR2W2, -GAJH respectively
-GAAcc.
GAAcc, GAR2W and GAJH were stopped, if the best
solution didn’t change for the last 200 generations at at
least 10,000 generations had been computed. For the GAR2W2, -GAJH, -GAAcc at least 1,000 generations
were necessary.
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3.2. Optimizing Kernel Parameters with Genetic
Algorithms

  %$&$ ' }  -  " %!) 6

The GAs described above can also be used for the optimization of the regularization parameter . If we have a binary genome
we can simply concatenate a binary representation of the parameter to our existing chromosome and run GAAcc, GAR2W2 respectively
GAJH on this new genome. That means we are trying to select an optimal feature subset and an optimal at the same
time. This is reasonable, because the choice of the parameter is influenced by the feature subset taken into account
and vice versa. Usually it is not necessary to consider any
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arbitrary value of

, but only certain discrete values, e.g.


respectively 
. With just 3
bits we can code the numbers
, or, if we shift this rep

resentation by -3, the numbers
which can be interpreted as powers of 10. In a similar manner one could use
GAs to optimize e.g. the width of an RBF kernel.
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4. Experiments
4.1. Algorithms and Tests
We will compare the GAs described above to each other
and to the Fisher Criterion Score (e.g. [18]), Relief-F [11]
and Recursive Feature Elimination (RFE) [8] algorithm.
Fisher Criterion Score and Relief-F are two filter methods
and RFE is a wrapper method, which was especially designed for SVMs. Fisher Criterion Score, Relief-F, and RFE
can only select a given number of features and hence one
has to try different numbers of features systemetically. If
we want to compare these algorithms to GAAcc, GAR2W2
and GAJH, we will consider the situation where the least
test error was reached. To test whether certain observed differences between test errors are statistically significant, the
corrected resampled  -test recently proposed by C. Nadeau
and Y. Bengio is used [12]. This test behaves very conservatively, which means the test might state a certain observed
difference of results is not significant although it actually is,
more often than one might expect by the prescribed significance level of 5%.
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4.2. Data Sets
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4.2.1. Toy Data The artificial data set was created as described in [19]: Six dimensions of 202 are relevant. The
and
was
probability of the two classes
  
 are drawn as
equal. The first three features


  
 and the
 second three features
were drawn as
with a probability of 0.7, oth
!
erwise the first three were drawn as
and the


"
second three as
. The remaining fea
#
$
, and the first
tures are noise
six features still have redundancy (for more details see [6]).
4.2.2. Real Life Data
Colon Cancer The Colon cancer problem is described e.g.
in [1]: 62 tissue samples probed by DNA microarrays contain 22 normal and 40 colon cancer examples. these two
classes have to be discriminated by the experession of 2,000
genes.
Yeast Data Set The Yeast microarray data set (Brown
Yeast data set, see e.g. [13]) consists of 208 genes that have
to be discriminated into 5 classes based on 79 gene expres-

sion values corresponding to different experimental conditions.

4.3. Results
4.3.1. Toy Data 30 instances of 100 training points corresponding 30 trials were created. On each trial the solution returned by an algorithm was tested on 10,000 independent test points. All data was scaled to the interval [-1,
1]. For the GAAcc algorithm the fitness of each individual was determined by means of 4-fold cross-validation. In
the experiment where the number of features to be selected

was set to
. A 2-norm C-SVM with a linis fixed,
ear kernel was used. The regularization parameter which
induced the best average test error was picked from the dis

crete values
. Results are shown in tables 1 and
4. The difference between filter methods and wrapper methods for
is significant. This shows the principal problems of filter selection methods.
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4.3.2. Real Life Data
Colon Cancer The data was split into a training set of 50
and a test set of 12 for 50 times, and results were averaged
over these 50 trials. The data was normalized to mean 0 and
standard deviation 1 for each feature. For the GAAcc algorithm the fitness of each individual was determined by
means of 10-fold cross-validation. In the experiment where
the number of features to be selected is fixed, was set to

 
. A linear kernel with a 2-norm
C-SVM was used. The parameter
in the cost function
for the C-SVM was set by the same procedure as described
above. The results are shown in tables 2 and 5.
Form fixed m-GAAcc is the overall worst performing
algorithm, especially if is small. For
the difference to the other methods is significant. This can be interpreted as an overfitting problem due to a higher variance of
the cross-validation estimate of the generalization error. As
the number of subsets to be evaluated is higher the smaller
is, the overfitting problem becomes less serious with increasing .
If
is not fixed, GAR2W2 and GAJH are both better
than GAAcc again. For
GAAcc performs significantly worse than the best Relief-F algorithm. In the
case where is not fixed, the difference between GAAcc
and GAR2W2/GAJH is significant. Both GAR2W2 and
GAJH seem to win something if is optimized by the GA,
whereas GAAcc does not. GAR2W2 and GAJH reach approximately the same test error as the best RFE in this case.
They are only slightly worse than the best Relief-F algorithm.
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Yeast Data Set 8-fold cross-validation was performed on
this data for all methods. The data was normalized to mean
0 and standard deviation 1 for each feature. For the GAAcc

algorithm the fitness of each individual was determined by
means of 7-fold cross-validation. In the experiment where
the number of features to be selected is fixed,
was set

to
. A linear kernel with a 2-norm C-SVM was
used which discriminates classes pairwise (one-versus-one
method). The parameter in the cost function for the CSVM was set by the same procedure as described above.
The results are shown in tables 3 and 6.
For
Relief-F is significantly worse than 10GAR2W2. Like in prior experiments m-GAR2W2 and mGAJH are always better than m-GAAcc. Again the GAs using bounds seem to win something, if is optimized during
the search process, while this is not the case for the GAAcc
algorithm.
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5. Discussion
As a general conclusion from the experiments shown
above one can state the following:

 GAs using cross-validation to evaluate a given feature subset show in some cases a significant overfitting problem.
 Using leave-one-out error bounds instead is an alternative. It leads to a better generalization performance
in most cases, but if the number of features to select is
not fixed beforehand, a higher number of features is selected than with cross-validation.
 Optimizing kernel parameters within the GA is useful,
especially if leave-one-out error bounds are used.

3



 GAs using the
bound show a comparable generalization performance to RFE. The number of selected features is in most cases a bit higher. If the number of features is not fixed beforehand and kernel parameters are optimized within the Genetic Algorithm,
one can in fact save time by using such an algorithm instead of running RFE multiple times to determine kernel parameters and an appropriate number of features.
E.g. one run of GAR2W2 with parameter optimization
on the Colon data set needs about 30 minutes on a Pentium IV with 2GHz. One run of RFE takes about 2
minutes, but to determine the regularization parameter (0.001, 0.01, 0.1, 1, 10, 100, 1000) and the appropriate number of features (20, 50, 100, 250, 500, 1000)
 

runs. This takes
one would need all in all

 
minutes, which is almost 3 times mores
than one run of GAR2W2. If the number of features to
select is known beforehand, however, GAs do not offer these advantages any more.
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6. Conclusion
In this paper we dealt with the problem of feature selection for SVMs by means of GAs. In contrast to the traditional way of performing cross-validation to estimate the
generalization error induced by a given feature subset we
proposed to use the theoretical bounds on the generalization error for SVMs, which is computationally attractive.
If the number of features to be selected is fixed and hence
the search space is much smaller than with a variable number of selected features, we proposed a decimal encoding,
which is much more efficiently than a binary encoding. If
the number of features to be selected is not fixed beforehand, the usual binary encoding was taken. Additionally to
the selection of a feature subset, one can optimize kernel parameters such as the regularization parameter of the SVM
by means of GAs. This is reasonable, because the choice of
the feature subset has an influence on the appropriate kernel parameters and vice versa.
Existing algorithms such as Fisher Criterion Score,
Relief-F and Recursive Feature Elimination were compared to GAs using cross-validation and to GAs using two different error bounds on two toy problems and
two DNA micro array data sets. Hereby Recursive Feature Elimination is a heuristic wrapper algorithm which
was especially designed for SVMs, and Fisher Criterion Score and Relief-F are two filter algorithms. As a conclusion of the experiments one can state that GAs using
the
bound and optimizing various kernel parameters are a recommendable alternative, if the number of
features to select is not known beforehand. It reduces overfitting in comparison with -fold cross-validation in most
of our experiments, because of a lower variance of the generalization error estimate. Additionally, in comparison with
running RFE multiple times to determine the kernel parameters and an appropriate feature subset, one in fact saves
time.
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Table 1. Toy problem: For
all wrapper methods find the best separating features (c.f. [6]) 3 and
6 in most cases (2-GAR2W2, 2-GAJH, RFE 29/30, 2-GAAcc 27/30), whereas Fisher Criterion Score

and Relief-F select features 2 and 3 in all respectively in 29/30 cases. For
RFE performs best
by finding the best separating features 2, 3, 5, 6 in 27/30 cases. 4-GAR2W2 and 4-GAJH select these
features in 25/30 cases, and 4-GAAcc only in 5/30 cases. The filter algorithms use them in only 4/30
cases and select features 1, 2, 3, 6 in 20 (Fisher Criterion Score) respectively 24 cases (Relief-F) instead.
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Table 2. Colon data set: m-GAJH gives the best results with just 20 features, Fisher Criterion Score
with 50, Relief-F with 100, RFE with 250, and m-GAAcc and m-GAR2W2 need 500 features. The result
obtained by 500-GAR2W2 is comparable to the RFE with 250 features and slightly worse than the
Relief-F with 100 features, while the result of 500-GAAcc is almost the same as 20-GAJH.
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Table 3. Yeast data set: m-GAAcc gives the best results with only 10 features, while Relief-F needs
20 and the other algorithms 40 features. If is not fixed and
, GAAcc performs the same as
GAR2W2 and a bit worse than the best RFE and the best Fisher Criterion Score. But if is determined by the GA GAR2W2 is better than GAAcc and GAJH.
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Table 4. Toy problem – number of selected
features: GAAcc selects 4 features on average for both
and
not fixed, which
is the same as for the best Fisher Criterion
Score/Relief-F/RFE algorithm. In contrast to
this GAR2W2 selects 13 respectively 16, and
GAJH 12 respectively 18 features. The features selected by GAAcc where among the
first 6 in 29/30 cases.
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Table 5. Colon data set – number of selected features: GAR2W2 and GAJH select
more features (around 200 respectively 400)
than GAAcc (around 40 respectively 50). This
difference corresponds to the results of the
other data sets. It should be compared to the
250 features selected be the best RFE, 100
features selected by the best Relief-F and 50
features selected by the best Fisher Criterion
Score algorithm.
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Table 6. Yeast data set – number of selected
features:
GAAcc selects
the


  fewest features

(
/
GAR2W2
/
, GAJH
 
/
for
/ not fixed) which should
be compared to 40 features taken by the best
Fisher Criterion Score and RFE respectively
20 taken by the best Relief-F.
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